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Abstract. The question of how to best model a problem in the constraitit s
isfaction paradigm is receiving considerable attentiothimithe research com-
munity. For example, the additional expressiveness anpggation that can be
obtained by using global constraints seems to have transfhow modelling
is currently approached. In this paper we use a combinafienrgime distribu-
tions and refutations of failure to enhance our understandi the quality of a
model. We study a continuum of Quasigroup With Holes/@-10) models from
ones that are entirely binary to ones that are entirely féated using global con-
straints. We show that the choice of search heuristics usedhepact non-binary
models more than it does binary models, but even when thersexeral global
constraints in a modeinherent heavy-tailedness can still be observed. While
it is not entirely surprising that the use of global consitaidoes not always
monotonically improve the runtime distribution of searchir empirical results
indicate that such degradation, when it occurs, is far lese@able when one
looks at the optimal refutations corresponding to the rkesta@encountered. How-
ever, when global constraint improve the runtime distribution, the refutations
encountered are much closer to their corresponding optibaet, but not least,
we made a remarkable discovery. For ttwH-10 problems studied, all the vari-
able ordering heuristics we used constructed refutatisitgua very small set of
variables thatould lead to optimal refutations, but did not simply because the
variables were selected in the wrong order.

1 Introduction

Constraints researchers have been concerned with theiquesgtwhat constitutes a
good problem formulation for almost two decades [24]. Reéweork has focused on
the task of heuristically deciding upon a good problem fdatian for a search algo-
rithm [5]. The ultimate objective in that work is to automake process of problem
formulation selection.

The realisation that practical problems cannot be adetyuatedelled using binary
constraints has led to a number of developments in the stfittyecconsequences of
non-binary formulations [2]. The development of global straints has significantly
changed how problems are modelled in CP [3], since such icintst provide both a
rich language for stating the constraints of a problem aftdnpensure that high levels
of local consistency can be achieved tractably. Amongstrbst widely used global



constraints is Regin’s AL DIFFERENT[25], and it has been shown that using this con-
straint leads to superior formulation of problems [29]. ther developments in mod-
elling have given rise to primal-dual models, in which onesisonstraints to channel
between alternative formulations in order to benefit froght@r levels of inference [8].
The effect of alternative formulations using binary andaglbconstraints, as well as the
effects of heuristics, have also been reported [16].

In studying the quality of a given formulation of a problemtloe quality of a given
formulation and search heuristic combination, the trad#l approach is to analyse
runtime statistics gathered from large numbers of runsh sascaverage/median effort.
However, over the past decade we have seen that the use imeutistributions have
given us novel insights into the typical-case complexiticombinatorial search [13]
and the effects of problem hardness on search performa2teGharacterising when
runtime distributions exhibit heavy-tails has motivatelda@nces in algorithm develop-
ment such as rapid random restarts [14, 21].

Summary of Results. In this paper we perform an in-depth empirical study of rongti
distributions associated with a continuum of problem folations for QwH-10 with
90% hole$ defined between the extreme points where a formulation issgnspecified
in terms of binary inequality constraints to models spediéatirely in terms of ALD-
IFFERENT constraints (global constraints that maintain generdlmse-consistency).
For each model we study a variety of variable and value ondenieuristics. Further-
more, we compare the runtime distributions we obtain agaunstime distributions
where any mistakes made in search are refuted optimally [&pugh this analysis,
we have made a number of key contributions:

1. Firstly, we show empirically that for the problems coresiel,variations in the
heuristics used have a far more significant effect on hybrdiels (i.e. models
using both binary and global constraints) than they do orelgurinary models.
For example, an improvement in the variable or value ordgheuristic, such as
the change from min-domain to brelaz, can cause a dramatiease in the search
effort (measured in number of nodes) for a hybrid model witlidal constraints.
This is a significant improvement over the binary repreg@ravhere hardly any
difference can be observed between the two aforementioesiics.

2. Despite the improvements just mentionadtime distributions of hybrid models
can remain inherently heavy-tailetivhile in most cases the algorithms we tried
performed better on hybrid models, we show that a straigktdan still be observed
in a log-log plot of their runtime distributions, even whernistakes are refuted
optimally.

3. Models using global constraints are not always better thamely binary mod-
els. We encountered some configurations in @wH-10 experiments where we
observed that increasing the number of global constraisesl tio enforce distinct
values on rows and columns (and removing the correspon@itsgo$ binary con-
straints) does not lead to a monotonic decrease in seaxmth. &ffie discrepancy all

1 We deliberately choose easy problems in order to study hsked runtime distributions [12].



but disappeared when we looked at the corresponding (gugsimal refutations
for the exact same configuration.

4. With the exception of a few unusual cases, the employmieatnoodel that uses
global constraints did improve search performance and nwhat happened, the
refutations encountered for hybrid models were much cltstireir corresponding
optimalthan they were for the binary model.

5. Finally, in our quest for reducing the effort required inding optimal refutations,
we hypothesised and verified empirically that, for the peotd considered, the
variables used in refuting a mistake usually represent ardynall fraction of the
variables still uninstantiated at the time the mistake wasleyet this small sub-
set of variables can most of the time be re-ordered to rehgentistake optimally.
Besides the obvious advantage of being able to restrictetheek for optimal refu-
tations to that subset and find those optimal refutatiortefgthis discovery raises
a set of other interesting questions.

The remainder of the paper is structured as follows. In $acd we give a more
precise statement of our motivation. We outline the detditsur approach in Section 3,
also defining the problem class we study. Section 4 contaiietadled summary of our
experiments, with a discussion of the implications in Smsth. We state our conclusions
in Section 6.

2 Motivation

Researchers have studied power-law distributions, and/hedled distributions in par-
ticular, as part of an extensive effort to better understand model real-world phe-
nomena, from weather forecasting to stock market analigiavy tails have been used
to model the cost of combinatorial search methods and toaéxitthe occurrence of
exceptionally hard instances that have been observed asnhoagain classes of con-
straint satisfaction problems, such as such as graph dotp[i7], SAT [10], random
problems[12, 27, 28], and quasigroup completion problei8s [[n our earlier work we
studied the effect of search ordering heuristics on the ywa@ledness of runtime dis-
tributions of binary-formulations of instances @H-10 andQwH-20 problems [19].

The characteristics of a search algorithm may depend heawithe way a problem
is modelled [16, 29] — given a set of search algorithms andrsdalternative ways to
formulate acsp, which algorithm/model combination is the one to choose?dvery
such combination, one could simply look at the runtime distions of a statistically
significant sample of instances of the problem under consi®. However useful
that may be, there are more questions that researchers nshytavanswer. If the run-
time distribution is heavy-tailed, isiihherentlyso? How close to being optimal are the
refutations encountered during search? The same algorithynhave similar runtime
distributions for two different model$y(; andMs, yet be much closer to optimality
when applied tdv(; than when applied td{,. Having access to the runtime distribu-
tions of the optimal refutations [18] would sugg@dt as the better choice, as there is
little that can be done to improve search performancéfer



Motivated by these questions, we have set out to study tlaiorkhip between
heavy tails, ordering heuristics, optimal refutations ghabal constraints. More specif-
ically, we studied alternative ways of modellimyvH-10 problems with 90% random
balanced holes, and a continuum of models ranging from piieary models to hy-
brid models and models based entirely on global constraints

3 The Approach

3.1 Refutations

To give a flavour of the kind of analysis reported in this pagensider the example
presented in Figure 1. Figure 1(a) shawsc'’s [26] search tree for the 8-queens prob-
lem. For simplicity, we used lexical variable and value andg heuristics, although any
other ordering, static or dynamic, would have worked as vk five grey nodes in
the tree are incorrect assignments, or mistakes — thereograths below them that can
lead to a solution, while such paths do exist for their pareBich node is labelled with
its corresponding assignmeVit = v, whereV; is an unassigned variable (row on the
board) and a value in its domain (column number). It is easy to see hovstidrees
rooted at these mistake points make up the bulk of the sesrehWithout them, the
only thing the search would spend time on would be restoniogansistency after each
correct assignment on the path to the solution.

Once a mistake has been made, how quickly can the searcterdoaw it? What is
the minimum number of nodes required to prove, for instatie,the second insoluble
tree in our example, the one rooted at nolfe = 3, is indeed insoluble? By changing
the order in which variables are selected, we can reduceuth®ar of nodes required
to prove insolubility. It can be easily verifiédhat the tree in Figure 1(b) represents
an alternative way of proving insolubility for the subtregresponding to the second
mistake. The alternative is made up of only 8 nodes, comptrdbe 14 inmMAC’s
original (actual) refutation. It can also be verified, albeit with more diffiigyithat the
refutation in Figure 1(b) is optimal in terms of the numbenoties.

When the optimal refutation is hard to find, we computedhasi-optimal refuta-
tion, defined as the smallest refutation whose height does neeexhat of the actual
refutation. In our experience it is very rare that the gugstimal refutation is larger than
the optimal. By accepting quasi-optimality, we can use thight of the actual refuta-
tion as an upper bound on the height of the optimal one, diaaligtspeeding-up the
search for better refutations.

Furthermore, as we will see later, it is often the case thasability to find (quasi-)
optimal refutations is not impaired when we restrict thersledor a (quasi-)optimal
refutation to only those variables involved in the mistakattual refutationi(;, V5,
V3, andVy in our example). This can be seen in Figure 1(c), which shaowal@rna-
tive optimal refutation made up of this restricted set ofialles. In general, the search
for restricted (quasi-)optimal refutatioriavolves only a small percentage of the vari-
ables still uninstantiated at the time the mistake was mau#can speed up the search
considerably.

2 This is left as an exercise for the reader.
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(a) MAC’s search tree for the 8-queens problem.
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(b) Optimal refutation for the subtree (c) Restricted optimal refutation for the
rooted at 14 = 3". subtree rooted at, = 3".

Fig. 1: MmAC’s search tree for the 8-queens problem, showing the optiefatation and the re-
stricted optimal refutation for one of the mistakes maderdusearch.

3.2 Runtime Distributions

In the remainder of the paper we will analyse the runtimeithstions ofactual (quasi-
Joptimal and restricted (quasi-)optimatefutations. Runtime distributions are some-
times characterised by long tails, lseavy tails and are generally modelled using the
expression — F(z) = P{X > z} ~ Cz~ %z > 0, whereF(x) is the cumulative
distribution function (CDF) of a probability distributiofunction f(x) (PDF), andC
anda are constants withx € (0,2) andC > 0. A near-straight line in a log-log plot
for 1 — F(x), with a slope equal te-«, is a clear sign of heavy-tailed behaviour [13].

3.3 Problem Domain
Our experiments were focused around quasigroup complptigisiems.

Definition 1 (Quasigroup Completion Problems).A quasigroup is a sef) with a
binary operationx : Q x @ — @, such that for alla andb in @Q there exist unique



elements ifQ such thatu x z = b andy * a = b. The cardinality of the sety = |Q)|, is
called the order of the quasigroup.

A quasigroup can be viewed asanx n multiplication table defining a Latin square,
which must be filled with unique integers on each row and colufhe Quasigroup
Completion Problemdcp) is the problem of completing a partially filled Latin square
Quasigroup with holesgqwH) are satisfiable instances obtained by starting with a com-
plete Latin square and unassigning a number of cells acoptdi the Markov chain
Monte Carlo approach proposed by Jacobson and Matthew®jnd2/H problem in-
stances are considerably harder when the distributionedfitthes is balanced, i.e, when
the number of unassigned cells is approximately the santesadthe different rows and
columns[1, 20, 22].

4 Experiments

Our previous studies of heavy-tailed behaviour concesdran the effects of varying
the ordering heuristics [18]. We showed that for certairrgealgorithms, the runtime
distribution isinherently heavy-tailedhat is even if we were to use an oracle to refute
insoluble subtrees optimally, we would still observe hetils. In this paper, we add
another dimension to that experiment and study how variayswo model a problem
affect the runtime distributions of the algorithms used.

Our experiments were performed on satisfiapeH-10 problem instances (90 vari-
ables) with 90% random balanced hdlesd included 4 variable ordering heuristics:
min-domain [15], min-dom/ddéd4], brelaz [7] and min-dom/wdeg [6, 23], and 3 value
ordering heuristics: random, min-conflicts [9] and its amdiuristic, max-conflicts, for a
total of 12 algorithms. We always broke ties randomly. Masgby instances were too
difficult to solve using random variable orderings or val&gabrdering anti-heuristics,
which is why these heuristics have not been included.

With one of the goals of the experiment being the study oforsiways to model
a cspk, we started by encoding these problems using only binargtcaints (propa-
gated usingvAc) and then gradually replaced the binary constraints usexhtorce
distinct cells on rows and columns with equivalent n-amL®IFFERENT constraints
(which propagate generalised arc-consistency).dwH problems, consistency can be
enforced on each row and column using eithér — 1)/2 binary constraints or one
n-ary ALL DIFFERENT constraint, withn the order of the quasigroup. In addition to
the binary model, in our experiments we represergedH-10 using 3 different hy-
brid models in which we randomly selected 2, 4, and 8 (out ef2l possible) rows
and/or columns and replaced their corresponding binargtcaimts with a single n-ary
ALLDIFFERENT constraint. In the rest of the paper we will usghrid = X to denote
a certain model, withX being 0 for the binary case and 2, 4, or 8 for the others. We

% Generated using code based on Carla Gorsesicodeguasigroup generator.

4 In this paper we abbreviate dynamic-degree as ‘ddeg’ andheil-degree as ‘wdeg’. The
degree of a variable is given by the number of constraintsiving the current variable and at
least one other uninstantiated variable.



studied settings foX of 16 and 20, but found that these instances were too easy and,
therefore, uninteresting.

Using a Beowulf cluster of 96 CPUs over a period of a month weuawlated
experimental data on all the 12 variationsnofc, and all the binary and hybrid mod-
els described above, totalling over 7.3 million instanee#h each individual experi-
ment containing between 20,000 and 100,000 instanceslIk@ritions ofMAC and
hybrid models, we ran two separate sets of experiments, roméhich we computed
quasi-optimal refutations and another in which we compustticted (quasi-)optimal
refutations, reporting the cumulative size of each for gwestance, alongside the cu-
mulative size of the corresponding actual refutations. Wmfl that in the vast majority
of cases, the quasi-optimal refutations obtained were in faptimal not only for the
binary models [19], but also for the hybrid ones. However,ameountered some in-
stances for which we could only find improved refutations.(refutations for which
we were not able to guarantee quasi-optimality), and some/fiich the search timed
out without finding any improved refutation. We included fbemer in our results, but
due to their insignificant number (less than 0.1% of the dafj)[ we excluded the
latter.

5 Results

Figure 2 and 3 represent half our experiments and show thalaand (quasi-)optimal
runtime distributions of our 12 algorithms on the binary dnyibrid models. The plots
are organised roughly in increasing order of efficiency fieft to right and from top
to bottom. In the following, we will often extract subsetstbfse plots to make the
interpretation of various points easier. We will use thertehorterto refer to refuta-
tions that are either optimal, quasi-optimal, or simply shertest improved refutations
we could find that were smaller than the corresponding acéfatations, and the term
restricted shortetto denote the smallest refutations we could find when thechefar
optimal refutations was restricted to the variables inedlin the actual refutation. Fur-
thermore, we use the teroumulative efforto refer to the effort required to refute all
the mistakes encountered in a given instance.

As indicated in the introduction, our experiments suggleat more sophisticated
models can benefit more from good variable and value orddragistics than the
equivalent binary models. Figure 4 shows that the perfoneamprovements due to
better value ordering heuristics become significant whesoa gariable ordering heuris-
tic (min-dom/wdeg) is applied to the hybrid=8 model. SimijaFigure 5 shows that
the performance improvements due to better variable angdreuristics become sig-
nificant when a good value ordering heuristic (min-conflicdsapplied to the hybrid=8
model. Such differences do not exist for the binary modelkil&the improvements
observed for the hybrid models are closely correlated withruntime distribution of
the (quasi-)optimal refutations, we cannot plot them saiedy due to lack of space.

Figure 2 shows the runtime distributions of our 12 algoritham the binary and
hybrid modelsmAc+min-conflicts+min-dom/wdeg is the only algorithm that seeds

5 More than 90% for most experiments, no less than 74% for therst
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Fig. 2: Complement of the CDF (y-axis) of the cumulatagtual effort (x-axis). We vary the
value ordering across columns and variable ordering acowes.

in eliminating heavy tails for the binary model [19] and dones to do so as we add
more global constraints to the model. Interesting enouljlotiaer algorithms remain
heavy-tailed for all hybrid modelsh{brid = X with X < 8). Moreover, Figure 3
shows that, for some algorithms, heavy tails do not disappean when the mistakes
encountered are refuted optimally. In other words, for atadl hybrid models studied,
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Fig. 3: Complement of the CDF (y-axis) of the cumulatakeorter effort (x-axis). We vary the
value ordering across columns and variable ordering acovgs.

even if we were able to use an oracle to refute insoluble sebtoptimally, for some
combinations of heuristics we would still see heavy tailbérent heavy-tailedneps

ALLDIFFERENT constraints are known to perform very well when applied te pe
mutation problems such as quasigroups. It is thus quiteising that despite the addi-
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Fig. 4: Complement of the CDF (y-axis) of the cumulataetual effort (x-axis) for the binary
and hybrid=8 models using a poor (min-domain) and a good-@om/wdeg) variable ordering
heuristics, combined with various value orderings.

tional propagation they provide, not only do they fail tanglate heavy tails from the
actual refutations, but more importantly, from the optirnaés.

Visually, there are two ways in which heavy tails can disgpdeom a runtime
distribution. One is when the plot is no longer a straight Jisomething that is usually
a reflection of the fact that problems have become unifornifijcdlt. The other is
when the plot continues to be a straight line, butventually exceeds 2. This usually
happens when problems become too easy [12]. As you can sed-igures 2 and 3,
as our models become more sophisticated through the additiglobal constraints,
the slope of the runtime distributions-{&) decreases to the point they can no longer
considered heavy-tailed. The way the runtime distribigienolve in our experiments
suggests that instances of these problems remain higleigular as models become
more sophisticated, a point that is only strengthen by tmédai evolution observed for
the corresponding optimal refutations.

Our experiments also show that more sophisticated modetwtalways lead to
better performance. The algorithms that result from cornlgimax-conflicts with min-
dom/ddeg and min-dom/wdeg perform worse for the hybrid=4leh¢han they do for
the binary model (hybrid=0), as can be seen in Figure 2. Masrésting though is the
fact that when we look at the corresponding optimal refataj while the binary model
still outperforms the hybrid=4 model, it only does so by apsmall margin.

Figure 6 shows another advantage of models using globatraimts, namely the
fact that that, compared with binary models, they bring tbhual refutations much
closer to optimality.
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Using (quasi-)optimal refutations in analysing modelsjlevhew, interesting and
helpful, is a process that requires significant resourcesa Aesult, we have spent a
considerable amount of time optimising the algorithms cotimg (quasi-)optimal refu-
tations. One question that seemed interesting from a ttieak@oint of view and had
the potential of significantly speeding up the search foa&pjoptimal refutations was
to restrict the search to only those variables involved ahtual refutation, as per the
example in Figure 1.

Remarkably, as Figure 7 shows for the binary and hybrid=8 etegdhe (quasi-)
optimal and the restricted (quasi-)optimal refutationgeheery similar, most of the time
identical, runtime distributiorfs Even more interesting, for the problems analysed, the
average number of variables involved in the actual refatetis only a small fraction of
the total number of variables that were still uninstantiadé the time the mistake was
made (Figure 8).

These observations suggest that all the variable ordegngdtics studied here have
the ability to select a very small subset of the remaininghstaintiated variables, a
subset that could be re-ordered to obtain an optimal refutédr each mistake. Interms
of proximity to optimality, what differentiates a good hétic from a poor one is the
ability to select those variabl@sthe proper orderi.e. an order that would minimise the

5 Due to time and technical constraints, we ran tlumsi-optimalexperiment andestricted
experiments in parallel, generating potentially diffararstances, which explains why occa-
sionally the restricted effort appears to be less than tlasigoptimal.
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size of the resulting refutation. Naturally, a number okheisting questions arise from
these observations. Are the variables involved in the &cefatations really special?
Would it still be possible to find (quasi-)optimal refutat®oif we restrict our search
to other sets of variables? Do different heuristics seleuntlar sets of variables? We
believe our experiments have uncovered a very interestipga of search that we
intend study further.

6 Conclusions

We have reported on an in-depth empirical study of runtinsrithutions associated
with a continuum of problem formulations afwH-10, defined between the extreme
points where a formulation is entirely specified in termsiofioy inequality constraints
to models specified entirely in terms ofLADIFFERENT constraints. For each model
we have studied a variety of variable and value orderingibtcs. We have shown em-
pirically that for the problems considered, variations he tieuristics used have a far
more significant effect on formulations involving a mix ofibry and global constraints
than they do on purely binary models. However, the runtinsritiutions of such hy-
brid models remainnherentlyheavy-tailed. Models using global constraints are not
always better than purely binary models — we encountereagsmmnfigurations in our
QWH-10 experiments where increasing the number of global caint$ can degrade
search performance. However, based on an analysis of dptfugations, this is not
a fundamental problem with the formulation. Employing glbbonstraints in a model
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Fig. 7: Comparison of the complement of the CDF (y-axis) fog tumulativeshorter and re-
stricted shorter (R-Shorter in the plot&)-axis) refutations for the binary and hybrid=8 models.

ensured that search could recover from mistakes with effoser to optimality. Finally,

we report on a very interesting phenomenon, namely thatehefsvariables that are
used by a heuristic to refute a mistake tree during searcbear-ordered to obtain a
close to optimal refutation, even though that set is a verglsgubset of all possible
variables that could be used to find the true optimal refotafl his raises a number of
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Fig. 8: Average number of variables involved in thetual refutations (y-axis) as a function of
the number of variables still uninstantiated at the time stakie was made (x-axis). Medians are
very similar. Both binary and hybrid=8 models shown. Rementhat the search for restricted

(quasi-)optimal refutations is limited to the variablegalved in the actual refutations.

interesting questions about why standard heuristics ddiind better refutations, even
though they essentially choose the right variables.
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