Failure Analysisin Backtrack Search
for Constraint Satisfaction

Tudor Hulubei and Barry O’Sullivan

Cork Constraint Computation Centre
Department of Computer Science, University College Cadahd
t udor @wul ubei . net, b. osul | i van@s. ucc. i e

Abstract. Researchers have focused on assessing the quality of saigash
rithms by measuring effort, number of mistakes, runtimeriiations and other
characteristics. In this paper we attempt to enhance ouerstahding of these
algorithms by employing heatmap-based visualisationsp®@vtorm a large em-
pirical study of search, for a variety of problem classes] e report several
interesting observations. Our results show that, cont@opnventional wisdom,
it is not always the case that mistakes made at the top of Hretséree are ex-
ponentially more expensive to refute than those made deeftke tree, or that
over a population of instances the largest mistakes domisearch effort. Fur-
thermore, we show empirically that heavy-tailed runtimstritbutions can occur
even if the number of mistakes is small, and that instancen@athke-based run-
time distributions can be very similar. Finally, we studg tomplex relationship
between the promise and fail-firstness of variable ordenimgristics.

1 Introduction

Over the past 30 years many papers have been publishedingpamtpirical studies of
systematic search in constraint satisfaction. Typictily,empirical comparison is made
on the basis of a measure of search effort in order to assessuthlity of a given al-
gorithm. Search effort is typically measured in terms oftlaenber of backtracks, con-
straint checks, or nodes in the search tree, but measuressube number of incorrect
decisions have also been proposed [3]. Comparisons base@myge and median effort
are common. However, other researchers focus on studyiime distributions, where
one can observe a (non-)heavy-tailed distribution undeaiteconditions [9, 10].

There are many questions one may wish to answer in genemlghrempirical
studies of search. For example, what makes a runtime disivio (non-)heavy-tailed?
Why is one combination of search heuristics better thanter@tWhat should heuristics
try to achieve in order to give improved performance on a dipeztass of problems? In
this paper we augment our traditional statistics-basedcgmh to studying systematic
search with a visualisation method that uses heatmapsntdpatare essentially two-
dimensional views of three-dimensional spaces in whicbwak used to represent the
magnitude in the third dimension. They are easier to intrpran traditional 3D plots,
which are often difficult to visualise. We show that heatmegus be more informative
and present different views of the relationship betweendigth at which a mistake
occurred and the size of the refutation needed to recover fro



We observe that for the problems and algorithms we congidehe number of
mistakes (decisions that take search off the path to a soluticreases only very slowly
with the effort, measured in number of nodes, required tgesah instance. Moreover,
the runtime distribution of the effort required to refutechandividual mistake and
that of the overall effort required to solve each instan@evary similar. Therefore, we
compare search algorithms on the basis of the number of,feortirequired to recover
from, individual mistakesnade during search.

We highlight interesting differences between random amdhnerld problems. In
particular, the conventional wisdom is that mistakes madbeatop of the search tree
are exponentially more expensive to refute than those déefiee tree. This is exactly
the type of behaviour one observes in uniform random binasplems, but it is not the
case for problems such quasigroups of order 10 with 90% martsldanced holes.

We also observe some interesting patterns in terms of whex# of the search
effort is consumedaver a large population of problem instanc&pecifically, it is not
always the case that extremely large mistakes account fet afithe effort. Indeed, we
will show that for easier problems the large number of smatiestakes made deeper
in the search tree consume significantly more effort tharvérg large, but very much
rarer, mistakes. However, as problems become harder thet ef€juired to recover from
mistakes made near the top of the tree starts dominatingffibit i2quired to recover
from all the others.

Finally, our work fits into a broad literature on the study ehsch heuristics and
search effort. Haralick and Elliott [12] have argued thatraportant property of a vari-
able ordering is its ability to recover from failure. Howey8mith and Grant [17] have
shown that trying harder to fail earlier is not enough to regloverall search effort. In
this paper, we consider the interrelationship between thejse [1] and fail-firstness
exhibited by variable ordering heuristics. We show thatalze ordering heuristics
alone can avoid making mistakes but that their performamacmat be attributed ex-
clusively to either fail-firstness or promise. Indeed, guEtcomplex relationship exists
between these two properties.

The remainder of this paper is organised as follows. In 8a@iwe summarise the
basic measurements and tools we used in our analysis. B&gtieesents the details of
the experimental setup, as well as descriptions of the proldlasses we studied and
the size of our data-set in each case. We consider the distritof search efforts across
various depths in the search tree in Section 4, and revea sweresting phenomena,
as referred to above. In Section 5 we show that our approadgbkualising search gives
some interesting insights into the relationship betweemceefficiency, fail-firstness
of ordering heuristics and their promise. A number of codalg remarks are made in
Section 6.

2 Prediminaries

We study the failure characteristics of backtrack searcthotts in constraint satisfac-
tion problems [6]. Our analysis is based on counting the remobtimes an assignment
was made during search that took us off the path to a solwiientefer to such deci-

sions agmnistakeq14]. The set of nodes visited by the algorithm in order toonesr



from a mistake is theefutation treeof that mistake. The number of nodes in that tree is
therefutation sizewhich is our measure of effort.
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Fig. 1. Example ofuAC’s search tree for 8-queens.

Figure 1 shows an example mfac’s [16] search tree for the 8-queens problem. A
solution is shown in the lower right corner of the figure. Thefgrey nodes in the tree
are mistakes —there are no paths below them that lead to@osphvhile such paths do
exist for their parents. It is easy to see how the refutatiead rooted at these mistake
points make up the bulk of the search effort.

In the course of this paper we will often analyse thistribution of effort over a
very large number of instances, required by a given algoritt solve those instances.
Runtime distributions are sometimes characterised by laitg) orheavy tails and are
generally modelled using the expressibr F(z) = P{X > z} ~ Cz~ %,z > 0,
otherwise known as the survival function, whdré¢z) is the cumulative distribution
function (CDF) of a probability distribution functioyi(x) (PDF), andC and « are
constants withy € (0,2) andC' > 0. A near-straight line in a log-log plot fdr— F'(x),
with a slope equal te-«, is a clear sign of heavy-tailed behaviour [10].

3 Experiments

Our empirical analysis includes configurations of unifoandom binary problems and
guasigroup completion problems, encoded using binarytcaings only. A quasigroup
can be viewed as an x n multiplication table defining a Latin square, which must
be filled with unique integers on each row and column. The @uagp Completion
Problem ©cp) is the problem of completing a partially filled Latin squa@uasigroup
with Holes @QWH) are satisfiable instances obtained by starting with a cetaplatin
square and unassigning a number of cells.



We generated the uniform random binary problems with a M&lgénerator [8],
and with the exception of the randaifi x 8 problems, where we used backtracking, all
other experiments usagac. Our data sets of random problems contain approximately
10,000 instances for each algorithm used. BlneH-10 data set includes a total of over
1,000,000 instances. For both types of problems, we arlysggnificant number of
distinct instances rather than generating a single instamnc relying on random tie-
breaking to obtain a distribution of runs. Specifically:

1. QWH-10 with 90% random balanced holedVe solved the instances in the data
set with various algorithms obtained by combinimgc with several variable or-
dering heuristics, such as min-domain [12], min-dom/dd@j, brelaz [5] and
min-dom/wdeg [4, 15], and value ordering heuristics, sushramdom and min-
conflicts [7].

2. Random binary problems with 17 variables and uniform dars&e 8, configured
at density 0.84 with two tightness settings: 0.09375, ireth®y region, heavy-tailed
when combining backtracking with random variable and valgerings; and 0.25,
near the phase transition [13], non-heavy-tailed due ttormihardness. These are
the configurations used in [9] and [14].

3. Dense random hinary problems with 30 variables and umifdomain size 10,
configured at density 0.86 and tightness 0.15, near the pieasstion.

4. Sparse random binary problems with 30 variables and tmifdomain size 10,
configured at density 0.3 and tightness 0.35, in the easgmegi

5. Sparse random binary problems with 150 variables andtmiflomain size 10,
configured at density 0.03356 and tightness 0.52, in the regsyn.

Rather than using the overall effort required to solve eastaince, which we refer
to asinstance-based effgras the basis of our analysis, we also considered the effort
required to refute each mistake separately, which we refasmistake-based effart
The distinction between these approaches is that eithériaatance gives us a single
data-point for the total effort required to refute all thestakes in that instance, or many
data-points for refuting each individual mistake, respety. We verified that such a
mistake-based analysis was an accurate characterisdttbe overall instance-based
effort required to solve the instances in our data-sets byimgawo key observations.

Firstly, we established that, for the problem classes wes lstwrdied, the average
number of mistakes per instance grows very slowly with instabased effort. This is
an interesting and somewhat surprising result in its owhtrigven though the number
of possible mistakes in an instance is at most (d — 1), wheren is the number of
variables and is the uniform domain size. Figure 2 presents a represgatsgimple of
these results (all other problem classes exhibited sirhgéiaviour). Irrespective of the
heuristics used, we only observe a slight increase in thegesumber of mistakes per
instance as the effort required to solve such instancesgunead in number of nodes in
the search tree) increases by several orders of magnitudiefmore, it is interesting
to note that the extremely difficult instances that we oftanceinter, for example in
heavy-tailed data sets, are not necessarily made up of giségm number of mistakes

! Generated using code based on Carla Goiisesicodeguasigroup generator.
2 |n this paper we abbreviate dynamic-degree as ‘ddeg’ anghtei-degree as ‘wdeg’.



that are moderately easy to refute, but of a small number efakés (oftentimes just
one) whose corresponding refutations are exponentiatiela
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Fig. 2: Bezier approximations of the average number of rkéstger instance for various combi-
nations of heuristics. Similar results are observed forémelom binary problem30 x 10.

Secondly, considering the runtime distributions of bothrfistake-based and instance-
based efforts, Figure 3 shows that these distributions arg similar, in some cases
almost identical, with the number of very small mistakesgethe factor determining
the proximity of the two runtime distributions. Backtrafilee instances do not affect
the shape of these plots and have not been included.

The similarity of the shapes proves that for the problems tdied, the runtime
distribution of the mistake-based effort is highly cortethwith that of the instance-
based effort, and so observations made on the former candaetasiraw conclusions
about the latter. Studying search algorithms at the miskake! allows us to perform a
more detailed analysis of the interactions between vagiabtl value ordering heuristics
over a large population of instances. For the remainder efpéper we will base our
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Fig. 3: Comparison of survival functions for the heavydirandom problems7 x 8 data set
(left) and one of our heavy-tailegwH-10 data set (right). Other plots, heavy-tailed or not, look
similar. IBE isinstance-based effqiMBE is mistake-based effart

comparison of search heuristics on an analysis of mistekel-kffort through the use
of heatmapsiiest viewed in colour)3.

4 Distribution of Search Effort

For random binary problems with 17 variables and a uniforrmdim size of 8, as well
as forQwH-10 with 90% holes, Figures 4 and 5 show heatmaps of the piliipalf
encountering mistakes of a certain size at a certain deptjur@s 4(a) and 5(a)), as
well as the proportion of effort spent at a certain depth futaions of a certain size
(Figures 4(b) and 5(b)). Note that the colours represengatale.

We begin by observing that in the easy region, for rand@nx 8 instances, using a
random variable ordering with backtrack search gives ayailed distribution, while
in the hard region this behaviour is not present (Figure)6{&hile the typical survival
function-based analysis [9] will demonstrate the presem@bsence of such large mis-
takes, our heatmap visualisations also show us preciselgepth where these mistakes
are being encountered.

Itis also interesting to consider how the size of mistake®egavith depth. The con-
ventional wisdom is that mistakes made at, or near, the tdipetree are exponentially
larger than those made deeper in the tree. However, theiplBtgure 5 contradict that
assumption — fowH-10 with 90% holes the largest mistakes occuimé¢rmediate
depths.

The heatmap in Figure 5(b) depictsr a population of instanceshe proportion of
effort required to refute, foowH-10 with 90% holes, mistakes of various sizes at each
depth. The darkest spots in the heatmap represent thosakmisizes for which the
cumulative effort over all the mistakes in our data set wapprtionally the largest at

% An electronic version of these plots can be seen in full cotmine at:
http:// hul ubei . net/tudor/ papers/fabscs.
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(a) Random problem37 x 8 (left: easy, right: hard): probability of a refutation of artain size
(y-axis) occurring at a certain depth (x-axis).
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that depth. It is clear that over a population of instanoasall the algorithms we used,
the bulk of the effort is spent in refuting the extremely kurgumber of small mistakes
(4 to 100 nodes) that occur deep down in the search tree @&ja)). In fact, when
the min-conflicts value ordering heuristic is used, no nkistaoccur higher than depth
23. This is not the case when values are selected randomigifoy max-conflicts - not
shown for lack of space), and suggests that for this padiatlbss of problems better
algorithms tend to avoid making mistakes at, or near, thefdpe search tree [14].
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Fig. 6: Survival function for runtime distribution.

Random binary problems do exhibit exponential decay of #fetation size with
depth (Figures 4(a), 4(b) and 9(b); similar results havenbaleserved for random
problems150 x 10 and30 x 10). Moreover, as random problems approach the phase



transition, mistakes start occurring close to the root eftiiee, and over a population
of instances, the bulk of the effort, which corresponds ® darker colouring in the
heatmaps, shifts towards the top of the tree. Note that pagpliase transition, prob-
lems become insoluble and the root of the search tree becitraemly mistake point
accounting for the entire search effort.

In terms of methodology, the usefulness of heatmaps becexes more appar-
ent when looking at the average and median refutation siz€ggure 5(b), which are
plotted as lines on the heatmaps to aid comparison. The glessly illustrate how
averages and medians would fail to provide any informatidéth wespect to the wide
range and distribution of refutation sizes encounteredhlese algorithms. The num-
ber of small-to-medium size refutations is so significartt tthey not only cause the
median to remain below 10, but they also prevent the extretaele mistakes from
visibly contributing to the averad€log-scale on the y-axis). Furthermore, the medians
and averages in Figure 5(b) do not really indicate where tfoetés in terms of depth.
For instance, the average and medians around depth 40 dtar sorihose at depth 50,
but the intensity of the colour in the heatmap is very difféarshowing that most of the
effort is spent at depth 50. This is only visible with the meap.

While for a population of instancesf QwH-10 the effort seems dominated by the
disproportionately large number of small mistakes, thisnzd be the case for any par-
ticular difficult instance. Figure 2 shows that the averagmber of mistakes per in-
stance increases very slowly with effort. It follows thatpically, for any particular
difficult instancea small number of large refutations dominate the searateff

MAC combined with min-conflicts and min-dom/wdeg is the onlycaithm in our
arsenal that can eliminate heavy tails fpwH-10 (Figure 6(b)) [14]. The bottom-right
plot in Figure 5(b) shows a far smallgariation in the size of the refutations associ-
ated with mistake points than any of the other 3 plots. Thilsiced variation translates
directly into a significant reduction in the variation in fasce-based effort and is con-
sistent with the non-heavy-tailed nature of that data datil&, but more complex be-
haviour can be observed in Figure 4(b), which depicts tha seitwhose runtime distri-
bution can be seen in Figure 6(a). The upper-left heatmdygisrnly one corresponding
to a heavy-tailed distribution. There are two charactiesstf the other three heatmaps
that help in visually determining the absence of heavyst&irstly, in the lower-left plot
there is insufficient variation in the refutation sizes amuered for heavy-tails to occur.
Secondly, in the plots on the right, although there is sigaiit variation in refutation
size, the greatest proportion of our effort is associatatl thie large refutations. These
dominate the search effort to the extent that refutatioqeapuniformly hard on the
average, ensuring that the runtime distribution is not kigailed, a known behaviour
near the phase-transition.

Finally, it is worth noting that the heatmap visualisatidsoagives a nice intuition
behind why rapid random restarts [11] is such a useful tephemwhen solving problems
with underlying heavy-tailed runtime distributions. Foaenple, consider Figure 5 and
the upper left plots in Figures 4(a) and 4(b), all correspogdo heavy-tailed runtime
distributions. It is easy to see that while there is a vergdarariance in refutation sizes

4 The spike in top-right plot is caused by the fact that our datacontains only one mistake at
depth 31 for that algorithm.
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at some depths, the mass of the effort is spent in smalletatégns. This is very no-
ticeable in the upper left of Figure 4(a), where at depth 5 axelsome refutations that
involve 10 nodes, but a tiny proportion involve ovi¥® nodes. By randomly restart-
ing search we are more likely to avoid the very large refotai This is the standard
intuition behind restarts, but the visual support for thition is very clear here.

Itis clear from these examples that heatmaps nicely comgméthe use of survival
function plots and allow a more granular view of the failutacacteristics of search.

5 Promise versus Fail-Firstness

The ability of variable ordering heuristics to reduce thi®gfrequired to refute insolu-
ble subtrees, or fail-firstness [12], has been studied sktely. It has also been recently
demonstrated that variable ordering heuristics also éxpibmise, independent of the
value ordering used, i.e. they can contribute to a seardrighgn’s ability to avoid mak-
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heuristics, randomly selected values.

ing mistakes [1, 18]. In that work, promise was measureddasehe probability that
search remains on the path to a solution. The promise of ablarbrdering heuristic
was measured using a statistical probing technique thrext ta estimate how likely it
is that a variable ordering will keep search on the path tolatiem independently of
the value ordering. Here we measure promise very diffeyemtt present an alternative
analysis of the complex interaction between fail-firstreesd promise.

While Figure 7(a) may suggest that variable orderings dgfeyt a significant role
in the number of mistakes an algorithm makes (the probagslaf a certain number of
mistakes occurring cluster tightly around value ordernntfss is less obvious in sparse
random binary problems with 150 variables and uniform dansé&e 10 (Figure 7(b)).

The remainder of our experiments are based on sparse randdostems with 30
variables and uniform domain size 10. Figure 8(a) clearlgwshthat min-dom/wdeg
and random variable orderings are the best and worst hiesrisespectively, and that
max-degree performs better than min-domain. Further sdiogothe usefulness of



heatmaps, we can see how Figure 8(b), as well as the averadenedians in Fig-
ure 9(a), portray min-domain and min-dom/wdeg as being genjlar. The heatmaps
in Figure 9(a), however, clearly show the mistakes made byl heuristics are dis-
tributed differently across depths, with min-dom/wdegihgva higher probability of
making more mistakes per instance over almost the entigerahdepths it covers.

Figures 9(a) and 9(b) present a measure of promise andrigitdiss, respectively,
for each variable ordering heuristic, arranged from leftight and top to bottom in
increasing order of their performance, as per Figure 8(ayofparison of the var-
ious heuristics depicted in these figures may seem contoadiat first: max-degree
seemingly outperforms min-domain due to its better fagtfiess and despite its worse
promise (more mistakes), while min-dom/wdeg performserdtian max-degree due
to its better promise, and despite its slightly worse fa#tfiess. Smith and Grant [17]
showed that trying very hard to fail first does not always leabetter performance, and
our experiments suggest a similar conclusion when it comesdmise. The fact that
promise and fail-firstness cannot be independently cdettohay cause improvements
in one to have a negative impact on the other. It would beéstarg to verify whether or
not there is any correlation between promise and the chamie ibranching factor ob-
served by Smith and Grant when trying heuristics with vagydiegrees of fail-firstness.
Out of the group of heuristics studied here, min-dom/wdegésone that performs best
not because it makes the smallest number of mistakes, ousedarefutes them with
less effort, but because it strikes a good balance betwemse tivo properties.

6 Conclusions

We have performed a detailed analysis of backtrack searcofeing constraint satis-
faction problems and, in particular, an in-depth study &f differences between vari-
able and value ordering heuristics on a variety of probleassts. From a large pop-
ulation of instances of problems of different sizes, classed levels of difficulty, we
accumulated the effort required to refute each mistake @meoed in each instance.
Through this mistake-based analysis using heatmaps, ijurection with more stan-
dard views of the search process, we have identified a nunfiligeoesting character-
istics of search. For example, the effort required to recénoen mistakes is not always
correlated with the depth where they occur, and better bdagaristics do not neces-
sarily make fewer mistakes, or have the ability to recoveckjy from them. There is
a complex interaction between a heuristic’s ability to aviistakes and its ability to
recover from them. Our use of heatmaps is novel and of intéweesearchers wishing
to gain a deeper understanding of the relationship betweaitks effort and heuristics.
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